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Abstract
We show that for an elastic body undergoing a set of self-equilibrated contractile forces and negligible
inertial forces, and subjected to a linear frictional boundary condition, the mean displacement averaged on
the contact surface is zero. This fact demonstrates the inability of slender organisms to move under this
friction condition if the contact surface remains constant, regardless of the contractility strategy employed.
We extend our results to non-homogeneous and anisotropic friction, illustrate our conclusions with two
examples, and comment on strategies for net propulsion.
1 Introduction
Mechanisms for locomotion of organisms have been
well studied in fluids [8, 24] and granular media
[5, 28]. However, only in the former case exist general
principles for propulsion, which have been mainly de-
rived for low Reynolds number [11, 21]. When bodies
are submerged in a fluid, Purcell’s scallop theorem
furnishes sufficient conditions for the null net mo-
tion in fluids through the analysis of the parametric
space of body configurations [20, 21]. In these re-
sults, Stokes equations are imposed, with a no-slip
boundary condition.
Limbless self-propulsion of deformable solids on
loose soil or granular matter has been analysed and
modelled in detail [4, 12], and a theory that allows
determining the propulsion from the interaction with
the granular environment, so-called resistive force
theory, has been derived and validated [13, 18, 12].
However, partially due to the complex interaction at
the boundary, no general equivalent theorem furnish-
ing sufficient conditions for the no net motion of the
body centre (centre of mass when density is constant)
on a frictional substrate has been established. This
paper aims at furnishing some results along this di-
rection.
In order to analyse the motion on a frictional sub-
strate, we assume an elastic body Ω with the ability
to self-contract. Similar to the analysis in fluids, and
due to the small size of Ω and the low accelerations,
we neglect the contribution of inertial effects [15]. We
will consider thin or elongated organisms, such that
in this case boundary forces can be approximated by
body forces applied in the body domain Ω, which is
initially occupying domain Ω0. We will also comment
the situation when the whole limbless body is perma-
nently in contact with the frictional substrate. The
lifting or removal of friction will be discussed after
deriving our main results.
2 Motion of contact surface
centre
More specifically, we are interested in analysing the
motion of the body centre x¯ =
∫
Ω
xdV/V , with vol-
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ume V =
∫
Ω
dV . The ability to self-contract is
represented by a field of N dipoles with opposing
forces f =
∑N
i ±piniδ(x±i ) and magnitude pi, ap-
plied at points x = x+i and x = x
−
i along directions
±ni = ±(x+i − x−i )/||x+i − x−i ||, respectively. Note
that the set of dipoles is indeed self-equilibrated, i.e.∫
Ω
fdV =
N∑
i
±pini = 0. (1)
We also assume that the body behaves elastically,
and thus there is an elastic potential φ(u) ≥ 0 which
depends on the displacement field u = x − x0, with
x0 and x material points in Ω0 and Ω. Cauchy stress
tensor σ follows from the second Piola-Kirchhoff
stress tensor S = 2 ∂φ∂C as σ = J
−1FSFT , where
C = FTF is the right Cauchy-Green deformation
tensor, J = det(F) and F = ∂x∂x0 the deformation gra-
dient [6]. The static equilibrium of domain Ω is then
given by Cauchy’s equation, including the dipoles as
a body force:
∇ · σ + f = 0, ∀x ∈ Ω, (2)
and with boundary conditions that we assume stem-
ming from a frictional condition with respect to dis-
placements
σn = −µu,∀x ∈ ∂Ω. (3)
In the previous relation, we use a constant scalar
frictional coefficient µ ≥ 0, although in experimental
measurements with “frictional fluids” different val-
ues in the longitudinal and normal directions are
commonly considered [16]. We will comment on the
anisotropic and non-homogeneous cases in our dis-
cussion. As yet we mention that whether friction is
proportional to displacement (dry friction) or veloci-
ties (wet friction) will not alter our conclusions, as it
will be also shown later.
In the next paragraphs, we demonstrate that for
slender bodies, the centre of Ω does not move, or
equivalently, that the mean of the displacement van-
ish, i.e. u¯ =
∫
Ω
(x − x0)dV/V =
∫
Ω0
(x(x0) −
x0)dV0/V = 0. For this, we first note that the asso-
ciated weak form (or virtual principle) of problem in
(2)-(3) follows after pre-multiplying equation (2) by a
set of compatible virtual displacements δu, integrat-
ing by parts and considering the boundary condition
in (3):
Find u such that, for all virtual admissible
displacements δu,∫
Ω
ε(δu) : σ(u)dV = ±
∑
i
δu · f±i (x±i )−
∫
∂Ω
µδu · udS,
(4)
with ε(δu) the virtual strains. The solution of the
previous problem. u, and also the one in (2)-(3),
is in turn equivalent to finding the minimiser of a
functional W (u) given by
W (u) =
∫
Ω
φ(u)dV +
∑
i
pili(ui) +
µ
2
∫
∂Ω
||u||2dS,
where li(ui) = ||x+i − x−i ||. Next we split the solu-
tion into its mean value and a spatial deviation from
this mean, i.e. u = u¯ + ∆u, with u¯ =
∫
Ω
udV/V ,
and ∆u = u − u¯. Note that by construction ∆¯u =∫
Ω
(u− u¯)dV/V = 0, and that u¯ is a (constant) rigid
body translation. As a consequence, due to the elas-
tic assumption, the invariance of li(ui) with respect
to translations, and that for thin or flat bodies we
can set ∂Ω ≈ Ω, it follows that,∫
Ω
ε(u) : σ(u)dV =
∫
Ω
ε(∆u) : σ(∆u)dV∑
i
pili(ui) =
∑
i
pili(∆ui)
µ
∫
∂Ω
||u||2dV ≈ µ
∫
∂Ω
||∆u||2dV + µ||u¯||2V,
(5)
which implies that,
W (u) ≈W (∆u) + µ||u¯||2V. (6)
Since the solution u minimises W (u), its mean
value must vanish, i.e. u¯ = 0.
We point out that the accuracy of the previous
result depends on the error of the approximation
∂Ω ≈ Ω. Arbitrary three-dimensional bodies are not
necessarily flat or elongated, and this approximation
2
may be too inaccurate. In this case, (6) must be re-
placed by
W (u) = W (∆us) + µ||u¯s||2S, (7)
where u¯s =
∫
∂Ω
udS/S is the mean value at the
boundary ∂Ω, and ∆us = u− u¯s. The result follows
from the fact that
∫
∂Ω
∆usdS = 0. An alternative
(an shorter) procedure to reach the same result is by
noting that the weak form in (4) holds for arbitrary
(constant) rigid body virtual displacements δu¯, us-
ing the fact that ε(δu¯) = 0, and remarking that the
dipoles are self equilibrated, which yields,
µ
∫
∂Ω
udS = µSu¯s = 0. (8)
Consequently, for general three-dimensional bodies
subjected to linear homogeneous and isotropic fric-
tion, the centre of the surface in contact, xs, does
not move. Diversions from such frictional condition
may give rise to changes in x¯s, like the use of dif-
ferent parallel and normal frictional coefficients, as
employed in the resistive force theory [22, 13, 18],
or resorting to different coefficients in different tan-
gential directions, as used by euglenoids in fluids [1].
Strategies for net motion of x¯ may in turn involve the
decrease or removal of friction in different regions of
the boundary, like in sidewinding [4].
For general boundary friction laws with the form
σn = −µ(u), the result in equation (8) must be
replaced by, ∫
∂Ω
µ(u)dS = 0. (9)
This type of laws include scenarios with unequal
normal and tangential friction, which we will study
in the second example below. We point out however
that the conservation of the ”weighted” displacement
in (9) is though far less practical than the result for
linear friction in (8).
When the boundary condition corresponds to lin-
ear wet friction [19], that is, when fµ = −µu˙, similar
conclusions apply, i.e. u¯s = 0. Indeed, the approx-
imation u˙ ≈ (un+1 − un)/(tn+1 − tn) for time in-
stants tn+1 and tn allows us to write the resulting
equilibrium equations as a minimisation with respect
to un+1 with a fixed un, in which case we conclude
that u¯n+1 = u¯n when ∂Ω ≈ Ω, or u¯s,n+1 = u¯s,n in
general three-dimensional bodies.
3 Numerical Examples
We illustrate our results with a couple of examples
that will be solved numerically. The first one con-
sists on a flat square domain [0, L]2 in contact with
a substrate, and contracting according to the follow-
ing two strategies: a) constant friction everywhere
with an applied local contractility along a thin verti-
cal domain (see Figure 1a), and b) a contraction on
the whole domain with a null friction along a thin
vertical line (see Figure 1b). We test different hori-
zontal positions c of the contracting band in case a)
and different positions of the contact removal in case
b). The problem is solved resorting to a finite element
discretisation and the contraction is implemented by
superimposing to the elastic deformation an isotropic
contractile strain εcI.
The numerical results confirm that in both cases
the displacement of the centre of the surface with
non-zero friction vanishes, i.e. u¯s = 0. We show in
Figure 2 the plot of u¯. In case a), since this surface
also coincides with the whole body surface, we have
that u¯ = 0 for all values of c. Instead, in case b),
since the centre of the surface in contact is moving
backwards as c increases, the centre of the whole body
x¯ moves forwards for c < L/2, while x¯ moves back-
wards for c > L/2. When c = L/2, the two centres
coincide, x¯s = x¯, and in this case no net displacement
of the body centre is obtained, i.e. u¯ = u¯s = 0.
In a second example, we analyse a worm-like uni-
dimensional domain that has the ability to bend and
produce a wave-like undulation, similarly to the anal-
ysis presented for hydrodynamics in [26]. The worm
is modelled here as a set of n planar line segments
joining n+ 1 nodes x0, . . . ,xn. Stretching and bend-
ing elasticity is furnishing by using the following total
elastic potential
Φ(x) =
n∑
i=0
k(||xi+1 − xi|| − li0)2 +
n∑
i=1
kθθ
2
i ,
3
Case a) Case b)
Figure 1: Example 1: Contractile square domain. a)
Homogeneous friction with a localised contractility
on a vertical band. b) Homogeneous contractility
with a localised reduction of friction on a vertical
band.
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Figure 2: Example 1: Left: deformation for case b.
Right: resulting displacement of motion of horizontal
coordinate of the body (surfafce) centre.
with li0 the initial length of segment xi+1−xi and θi
the angle between xi+1−xi and xi−xi−1 (see Figure
3). In addition to the elastic forces, the model is sub-
jected to nodal frictional components fµi = −µui and
a set of bending moments Mi applied at the interior
nodes i = 1, . . . , n − 1. Each bending moment Mi is
in fact decomposed into three self-equilibrated forces
f−i ,f
o
i ,f
+
i , respectively applied at nodes xi−1,xi
and xi+1. These forces are normal to direction
xi+1−xi−1, and such that f−i +foi +f+i = 0, with a
resulting bending moment equal to Mi, as also illus-
trated in Figure 3(left). This conditions, and the no
torque resultant, defines uniquely the direction and
magnitude of the forces for a given value of Mi. The
equilibrium equations for each node i read then,
∂Φ(x)
∂xi
+ fMi = f
µ
i , (10)
where vector fMi = f
+
i−1 +f
o
i +f
−
i+1 includes all the
force contributions at node i due to the contractile
bending moments. We have applied a distribution of
time varying moments equal to
Mi = sin(ωt− ksi),
except at the end points, where M0 = Mn = 0. Here,
ω is the frequency, k the wave number, and si the
initial position of point xi. Although we are not using
a set of dipoles, we note that the discretised weak
form of the balance equations in (10) reads,
Find ui = xi − xi0 such that for all virtual
displacements δui
δu · ∂Φ(x)
∂xi
+ δu · fMi = δu · fµi .
Since this relation must be also satisfied for ar-
bitrary rigid body displacements, and
∑
i f
M
i = 0
(forces due to applied moments are self-equilibrated
by construction), we have an equivalent result to the
one in (8): ∑
i
ui = 0.
We have numerically solved the set of n non-linear
equations in (10), and verified that when isotropic
friction is used, the resulting motion of the worm
centre x¯ =
∑
i xi/n is exactly zero, up to machine
tolerance. When the same oscillatory set of moments
is used, but in conjunction with anisotropic friction
fµ = −µtut − µnun, with ut and un the tangential
and normal components of the displacements, and µt
and µn two different friction coefficients, the worm is
propelled, as shown in Figure 3 (right). In this case,
the worm centre moves in the opposing direction of
the wave of bending moments, as also pointed out for
locomotion in fluids [8, 11] and solids [12].
We have tested different frequencies ω and wave
numbers k. The sequence of horizontal displacements
4
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Figure 3: Example 2: Left: Worm-like domain with
self-contractile moments. Right: Snapshots of de-
formed shape for anisotropic friction (µn = 10µt =
1).
shown in Figure 4 indicates that although final dis-
placement increases for increasing values of ω and
k, there is for both parameters a limit value beyond
which no substantial improvement is observed. This
fact is also confirmed by the low wave numbers and
limited frequencies that organisms generally exhibit
[12]. We have not focused this study on the search
of optimal modes or strategies, also with respect to
other motion parameters such as amplitude or fric-
tion, which have been analysed elsewhere [5, 29, 14],
or simulated with the discrete element method [10].
We intend to analyse in future works more realistic
resistive forces such as frictional plasticity models [2],
or more complex waves such as those in sidewinding
[3] or helical motion [28], and interpret them as a drift
from the homogeneous frictional conditions where no
motion is achieved.
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Figure 4: Example 2: horizontal displacement of the
worm centre for increasing values of frequency (left)
and wave number (right).
4 Discussion
The two examples presented above highlight that i)
although anisotropic drag and non-time reversibility
is required for locomotion in fluids [8, 20, 11], in our
case, propulsion may be alternatively obtained by re-
ducing friction on a subdomain of the body, and that
ii) although we obtain a similar propulsion to the one
in fluids when a contractile wave is employed, our
net movement is not the result of alternating vortices
[11], but should be rather interpreted as a difference
between the positions of the body centre x, and the
average position weighted by the friction along the
body boundary xs. We remark that our theoretical
results are applicable to solids with non-linear con-
stitutive laws and large displacements. However, our
conclusions cannot be generalised to bodies immersed
in a fluid, where a no-slip condition is assumed in this
case.
We also mention that our analysis is pertinent to
crawling microorganisms on frictional substrates such
as C. elegans on agar [23, 8]. In many instances,
net locomotion is achieved through the activation of
contractile waves, as it is the case in lateral undu-
lation and sidewinding, with some lifting/lowering,
which results in a variation of the frictional condi-
tions. While the measurement of the centre of mass
in swimming organisms [30] and human gait dynam-
ics [27] is common, its analysis and correlation with
substrate friction at the cellular scale is usually not
investigated.
Indeed, understanding sufficient conditions for the
null net movement may help to elucidate the con-
ditions for migration in cells or monolayers on sub-
strates, where planar motion is dominant in vitro.
For instance, substantial computational and exper-
imental efforts have been devoted to traction force
microscopy (retrieval of traction field exerted by cells
or tissues) [7, 9, 17, 25]. In those cases, the motion of
the tissue centre should be interpreted as a set of un-
equal adhesions, and not solely to differential tissue
contractility. Accordingly, the configurational para-
metric space should be analysed jointly with modes
of the contact conditions.
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